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1.  Introduction 


In  this  paper  I would  like  to  give  a 
very  partial  account  of  integration  theory  in 
Hilbert  space  and  related  questions  of  absol- 
ute continuity  which  nay  be  important  in  prob- 
lems of  stochastic  realization  theory,  linear 
and  non-linear  filtering,  detection  theory  and 
quantum  communication  theory.  This  theory  is 
largely  the  creation  of  I.E.  Segal  and  his 
former  students,  notably  Gross  and  Nelson.  The 
need  for  such  a theory  arose  for  the  purpose  of 
putting  quantum  field  theory  on  a rigorous 
mathematical  basis.  The  theory  has  a distinct 
algebraic  character  and  I believe  is  particu- 
larly suited  to  the  needs  of  stochastic  system 
theory.  An  account  of  this  algebraic  approach 
may  be  found  in  SEGAL-KUNZE  [1],  SEGAL  ([1]  and 
the  bibliography  cited  there).  This  theory  is 
different  from  the  work  of  the  Russian  school 
(cf . GELFAND-VILENXIS)  in  the  sense  that 
essentially  Hilbert  space  techniques  are  used 
and  in  general  one  works  with  "weak”  processes 
as  opposed  to  "strict"  processes.  In  this  theory 
non-linear  functions  of  processes  can  be  handled 
and  in  particular  certain  non-linear  functionals 
of  white  noise  can  be  given  mathematical  meaning. 
The  ocher  approach  to  some  of  these  questions  is 
due  to  GROSS  (cf.  GROSS  (1],  [2]  and  the  biblio- 
graphy cited  therein)  where  a countably  additive 
"extension"  on  a separable  Banach  space  of  the 
flnitely-addltive  Gaussian  measure  on  a Hilbert 
space  is  obtained.  These  ideas  have  recently 
been  modified  and  developed  by  Balakrishnan 
(cf.  fcr  example  BALAKRISHNAN  [1],  [2])  in  a 
series  of  papers  related  to  detection  and  filter- 
ing theory. 

2.  Segal-Gross  Theory  of  Weak  Processes 

It  is  a known  fact  Chat  there  is  no  analog 
of  Lebesgue  measure  (l.e.  a countably  additive 
measure  which  is  translation  and  notation  in- 
variant) on  an  infinite  dimensional  Hilbert 
space.  In  fact  no  such  measure  exists  even  when 
invariance  is  relaxed  to  quasi-invariance.  Such 
an  "invariant"  neasure  however  exists  if  we  do 
not  insist  on  countable  additivity. 

Ti  This  research  has  been  supported  by  the  Air 
Force  Office  of  Sponsored  Research  under  Crane 
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^ , Let  V be  a real  topological  vector  space, 

V its  topological,dual  and  let  <.,.>  denote  the 
pairing  of  V and  V . A tame  set  is  a sec  C of 
the  form 


EISEUTjm^/ 

B 


<x,y  >)  t A} 

& * 


(2.1)  C “ {xEV| (<x,y1>, 

where  A is  a Bore!  set  in  Ru  and  y,  cV  , J-l,2,..n. 
If  K is  a finite  dimensional  "subspece  of  V* 

containing  jr  then  C is  said  to  be  based 

on  K.  The  collection  S-.  of  tame  sets  based  on  K 
is  a O-ring.  Let  R • l£S.,  be  the  ring  generated 

by  (£kW\ 

A non-negative  sec  function  11  defined  on  R 
is  a tame  set  neasure  if 

1)  U(V)  - 1 * 

2)  V finite  dimensional  subspace  KCV  , is 
countably  additive  when  restricted  to  the  O-ring 

V 

An  equivalent  concept  is  that  of  a weak 
distribution.  Let  - (H.A.P)  be  a probability 
space.  A --eak  distribution  on  \ is  an  equival- 
ence class  o:  linear  maps  F : V ■*  RV(C1,A,P).  Two 
such  maps  are, equivalent  if  for  any  finite  set 

yl’*”,yn  S 7 ’ “e  ^oiac  dlscrlbuti0Q  of 
F (y  ) (y  ) in  1°  is  the  same  for  j - 1,2. 

y 1A  tame^function  F on  V is  one  of  the  form 
F(x)  - f (<x,y  >,..., <x, 7 ■ >)  for  some  Baire  func- 
tion on  Ra  ah£  for  some  tinite  sequence  y.,...,yn 
in  V*.  If  K is  soma  finite  dimensional  subspace 
containing  y y then  F is  said  to  be  based  on  K. 

Let  H be  a real  Hilbert  space.  For  C a 
tame  subset  of  V based  on  K,  define 

<2")f4~ p (-UTiZ) 


(2.2)  w(C) 


dx 


where  A is  a 3orel  set  in  K and  n “ dim  K.  It 
is  possible  to  enlarge  H and  obtain  a countably 
additive  measure  on  a larger  space  which  is  in 
a sense  an  extension  of  u. 

Let  f(x)  ■ f(?x)  be  a tame  function  for  some 
finite  dimensional  projection  P.  Let  $ be  the 
restriction  of  f to  F ■ Range  (P).  Then  $ is 
Borel  measurable  on  F and_Q  2 

(2.3)  /Hf(x)du(x)  - (2v)  V-  <Kx)esp(-  — )dx 

where  n * dimfr). 

Let  A • algebra  of  bounded  complex-valued 
functions  on  E together  with  their  uniform  limits. 
The  integral  defined  in  (2.3)  can  be  extended  to 
ell  of  A as  a continuous  linear  functional  which 
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we  denote  by  E(f).  A -algebra  with  unit 

In  the  supnorm  and  hence  A - C(x)  for  some  com- 
pact Hausdorff  space  X.  Let  f •*  I be  this  Iso- 
morphism. Moreover  E Is  a continuous  positive 
linear  function  on  A and  hence  by  the  Rlesz  re- 
presentation theorem 

E(f ) - f dm  , where  m In  this  case  is 
probability  measure.  The  lsmorphlsm  f f can  be 
extended  to  tame  functions  in  if  (H,U)  by  density 
such  that  (fg)“  . fj.  Hence  if  f - char.fn.(A), 

A a tame  set.  f is  characteristic  function  of 
some  measurable  set  A and  p(A)  - m(X) . Using  the 
Gelfand  Transform,  we  can  see  that  for  f e A,  f 
is  an  extension  of  f from  H to  all  of  X.  Now  A 
and  in  fact  H is  such  that  m(H)  j 0. 

Let  H be  identified  with  H . The  continu- 
ous linear  functionals  on  H are  in  L2(H,y).  To 
the  linear  functional  determined  by  y there 
corresponds  a measurable  F(y}(.)  on  X.  F : H ■* 
LZ(X,m)  is  norm-preserving.  It  can  be  shown 
(1)  that  the  map  F completely  determines  the 
extension  f ■»  I,  (2)  the  map  f ►*  f can  be  ex- 
tended to  all  tame  functions  and  (3)  ? - 

$(F(y.) F(y  ))  "here  f(x)  - (({(x.y.) , . . . , 

(x,y  ))•  The  functions  F(y)  on  X are  normally 

distributed  with  variance  ] |y| |2  and  y. yQ 

are  orthogonal,  then  F(y.) F(y  ) a^e  in_ 

dependent.  More  concrete  realizations  of  H 
and  the  measure  space  (X.m)  can  be  obtained, 
for  example 

a)  where  H - 1*.  X - R*.  m the  product  measure 
corresponding  to  Gauss  measure  on  each  coordin- 
ate, b)  H - K^O.l),  X - C(0,1)  with  m - Wiener 
measure.  However  it  can  be  easily  proved  that 
these  various  extensions  are  all  measure  theo- 
retically isomorphic. 


3.  Abstract  Wiener  Spaces 
sad  Absolute  Continuity 


The  discussion  abovs  could  be  formalized 
using  the  ideas  of  Abstract  Wiener  Space  due  to 


Cross. 

Let  I be  a Hilbert  space  end  let  u be  the 
tame  measure  given  by  (2.2).  A measurable  norm 
on  I is  a norm  ||*||  such  that  V C > 0,  3 finite 
dimensional  projection  P such  that  V finite 
dimensional  PX  P#. 

U((sch| I |Pm| !>*))>«. 


Let  t ■ completion  of  H with  respect  to 
1 1 • 1 1 . > la  a Banach  space.  The  canonical 

embedding  1 i I <(  is  compact.  Identifying  H 
•ad  ■ , we  obtain  by  duality  the  embeddings 


l*  i 


K*  can  be  identified  with  its  image  la  H and 
H with  its  image  in  E.  The  neasure  u has  a 
countably  additive  extension  p on  the  borel 
fields  of  E.  The  triple  (l.H.E)  is  called 
Wiener  space  and  p Wiener  neasure  on  E. 

Now,  E*  would.be  Interpreted  as  functions 
on  E belonging  to  L (E.p)  sad  their  Lz-norn 
equals  the  H*  norm.  Hence  the  closure  of  E in 
L*(E,p)  can  be  Identified  with  H*.  If  a t I , 


we  denote  by  e the  corresponding  random  yariable 
on  E.  Let  ? be  a finite  dimensional  orthogonal 
projection  on  H such  chat  ° 

Px  - Y <e  ,x>  a , (e.) 
n i-!  1 


orthonormal  in  S,  then  $ e ,e  defines  a ran- 
i-1 1 1 

dom  variable  on  E with  values  in  H. 

A function  f on  H with  values  in__a  Banach 
space  F determines  a random  variable  f on  E with 
values  in  ? if  for  any  sequence  of  finite  dimen- 
sional projection  P - I strongly  in  H the  se- 
quence of  random  variables  f • P — ? in  measure 
p on  E.  n 


Some  Preliminaries 


Let  H be  a real  Hilbert  space  and  let  1(H) 
denote  the  space  of  bounded  linear  operators  on 
H.  Let  7 denote  the  Banach  space  of  nuclear  , 
operators  on  H under  the  norm  ||x|L.  - tx((X*K}*]. 

is  a ‘-ideal  in  1(H).  Let  I,  denote  the  Banach 
space  of  Hilbert  Schmidt  operators  on  H with  norm 
||K||,  “ [tr(X*K)l1*.  I,  is  also  a ‘-ideal  in 
1(H).  _ 2 

If  X £ I, , the  Fredholm  determinant  of 
(I+K)  is  defined  by  det  (I+K)  - it  (1+1.)  where 

1-1  1 

the  are  the  eigenvalues  of  K counted  with  their 
multiplicities.  If  K c L , the  Carleman  Fredholm 
determinant,  of  I+K  is  defined  by  6 (I+K)  - 

det(I+K)  is  an  analytic  function 
on  I.  and  £{!+£)  is  an  analytic  function  on  I,. 

20 

Preliminary  Leaes 

The  following  lemaes  follow  from  the  work  of 
Gross  (cf.  GROSS [1  ]). 

Lemma  3.P  let  K_e  L( H).  Then  K determines  a 
random  variable  K on  E with  velues  in  E.  &A 
Lemma  3.2  Let  ^ be  a family  of  orthogonal  pro- 
Jactioas_ccrversLng  to  I strongly.  Let  K e I.. 

Then  pC*?_)  is  a Cauchy  aequence  in  L2(E,p;H)  and 
Prob(Ksn)  - 1.  E3 

Supposa  X c I,.  Then  in  general  <Kx,x> 
and  Tr(X)  need  not  exist.  However  <Kx,x>  - Tr(K) 
can  ha  given  a neanlng  as  s real  random  variable 
on  E via  stochastic  extension. 

In  fact,  foe  certain  non-linear  operators 
K : E * E <Zx,x>  - trK  can  ba  identified  as  a 
random  variable.  In  tne  ebove  K is  continuous 
and  its  S-derlvatlve  (defined  below)  K is 
Hilbert-Schaidt.  x 

Let  C C • be  open.  A function  f s U ♦ P, 

V Banach  is  B-contlnuous  at  x e U If  the  function 
g(h)»  f(x-i)  defined  on  (U\(x))  D H Is  contin- 
uous st  the  origin  in  the  induced  (Hilbert)  top- 
ology. f is  3-differentiable  at  x if  g is  Frech- 
et  differentiable  at  the  origin  in  H.  It  can 
then  be  shewn  (cf . RAMER) . 

Prooosltict:  Let  U C E be  open  and  let  K s 0 -*  E 
be  such  that  (1)  K(U)  C H,  (11)  the  H-derlvatlve 
at  x,  X : C • t(H,E)  is  continuous  and  Hllbert- 

SchmidtT  Let  (e  ) ...  be  an  orthonormal  basis  in 
n^nCN  n 

H such  that  a £ E , Vi.  Let  P - T e.  ® e,  : 

E "*  E*.  Then  n A 1 1 

lev 

| Ois:  'ITT  CODES  I 

SPECIAL] 


□ 


Is 


(I)  {a  (x)}  - {<P„Kx,x>  - tr (P  K)  } Is 

n “ 2 “ X neN 

a Cauchy  sequence  In  1.  (E,p). 

(II)  There  exists  a subsequence  (n^)  such  chat 
{a  (x))  converges  almost  everywhere  on  U to 

‘IHt 

a random  variable  on  U.  Denoting  this  random 

variable  by  <Kx,x>  - trie  , If  (m.  ) Is  any 
* k kdl 

other  sequence  for  which  (a  (x))  Is  Cauchy 

a 

then  a_  (x)  * <Kx,x>  - trK  a.a. 

"k  x 

(tU)  <Kx,x>  - trKx  does  not  depend  on  the 

Choice  of  basis  (e.)  In  H.  wj 
1 1CN  “ 


Absolute  Continuity  and  Computation 
of  the  Radon-N ikodyrn  Derivative 


Case  I (Translation) 


Theorem  3.1  (Segal) 

Let  (l.H.E)  be  an  abstract  Wiener  Space 
and  let  p be  standard  Wiener  measure  on  E.  Let 
a C E and  let  : E -*■  E : x **  x + a.  Then  the 

transformed  measure  p T and  p era  mutually  ab- 
solutely continuous  If  and  only  If  a E H.  The 
& - H derivative  of  pT  with  respect  to  p Is 

• iai2 

the  random  variable  j . gg 


Remark: 

If  E " C(0,l;y  ) where  u denotes  Wiener 
measure  then  H - H1 (3 , 1 ; UG) . tKe  Sobolev  space 
with  Gaussian  measure,  gj 
Case  II  (Linear  Transformation) 


Theorem  3.2  (Segal-Feldman) 

Let  (l.H.E)  be  an  abstract  Wiener  Space 
and  p standard  Winner  measure.  Let  q be  a Caus- 
slan  measure  on  E with  covariance  Q.  Then  p and  q 
are  either  mutually  singular  or  mutually  ab- 
solutely contlnous.  They  are  mutually  absol- 
utely continuous  If  and  only  If  there  exists  a 
IcI.,  symmetric,  such  that  the  quadratic 
form  q(x)  on  E*  Is  of  the  form  Q(x)  ■ <(I+K)x*>. 
The  R - M derivative  of  q with  respect  to  p Is 
Che  random  variable  on  E given  by^  „ 


It  la  possible  to  use  Theorem  3.2  to  prove 
Theorem  3.3 

Let  (l.H.E)  be  abstract  Wiener  Space  and 
let  p be  the  standard  Wiener  measure  on  E.  Let 
T • I t t be  as  Invertible  linear  transformation 
on  E with  K C L(E,H).  Then  K|h  C and  (K|k)~  - 

K.  Then  the  R - N derivative  of  the  transformed 
measure  pT  with  respect  to  p la  given  by 

|<(T)|exp[-(<Kx,x>  - trK)  - %|Kx|2]  a.e.  ^ 

The  affine  case  could  now  be  proved  using 
Theorem  3.1.  There  Is  a non-linear  version  of 
Theorem  3.3. 


Theorem  3.1  (Earner) 

Let  (l.H.E)  be  an  abstract  Wiener  Space  and 
p be  standard  Wiener  measure  on  E.  Let  U C E be 
open  and  let  7:l+K:U*Eb«»  continuous 
non-linear  transformation  such  that 

(I)  T Is  a honeooorphism  of  U onto  an  open 
subset  of  E. 

(II)  K(C)C  E and  K : U ♦ H la  continuous. 

(ill)  For  each  x e U,  the  H-derlvatlve  of  K at 
x,  exists,  is  Hilbert-Schmidt  and  K^  : 0 •* 

Is  continuous  and  Ig  + K^  Is  invertible. 

Then  p and  the  transformed  measure  pT  are 
mutually  absolutely  continuous  as  measures  on  U. 
The  R - 5 derivative  of  pT  with  respect  to  p Is 
given  by 

l$(Tw)|«*?[-(<Kx,x>  " trK  ) ->s|Kx|2]a.e  xeU. 

. ® 

Remarks: 

(I)  As  mentioned  eafller  <Kx,x>  - tr(Kx)  Is  a 
random  variable.  It  Is  intriguing  to  see  the 
appearance  of  the  term  tr(K  ) which  bears  a 
striking  resemblance  to  the  wong-Zakai  correction 
tern  relating  the  Ito  and  Stratanovich  Integral. 

(II)  Consider  the  Kalman  Filtering  problem 

dxc  " Fx^dt  + GdWg 

dy£  - Exedt  + dnt  , where  w£  and  are 

standard  Wiener  processes  assumed  to  be  inde- 
pendent. 

Then  by  passing  to  the  Innovations  Repre- 
sentation 

dy£  - Ex^dt  + dv£ 

where  x^  ■ E (x^  and  v£  Is  the  Innovations 

process  (which  Is  a standard  Wiener  process) 
and  noting  that  _ 

*t  -^K(t,s)dvs,  with 

K(*.*)  e L2([0,t]x[0,t] ; i(RP;Rn)),  we  are  In 
the  situation  of  Theorem  3.3.  A "causal"  re- 
presentation for  the  R - N derivative  could  be 
obtained  by  Invoking  the  Kreln  Factorization 
Theorem  in  conjunction  with  Theorem  3.3.  (cf. 
HITSUDa  where  the  reverse  process  is  followed) . 

4.  The  Free  Quantum  Field  and  Kalman  Filtering 

In  the  previous  section  we  have  indicated 
how  starting  from  a Hilbert  space  H with  Gauss 
measure  of  unit  variance  n on  It  we  can  construct 
a Banach  space  E and  a measure  u which  Is  count- 
ably additlv  on  the  borel  setsof  E such  y Is  an 
extension  of  n In  a certain  precise  sense.  In- 
tegration of  functions  on  H and  questions  of  ab- 
solute continuity  can  be  answered  by  passing 
to  the  3anach  space  by  an  appropriate  stochastic 
extension.  There  is  a purely  Hilbert  space 
point  of  view  due  to  Segal  which  may  turn  out  to 
be  more  important  for  the  needs  of  System  Theory. 
Due  to  lack  of  space  we  do  not  give  a detailed 
exposition  of  this  theory  here.  This  theory  Is 


needed  Co  show  Che  equivalence  of  various  repre- 
sencaclons  of  Che  free  quantum  field*  viz. 

(1)  The  parcicle  represencadon  which  Involves 
Che  symmetric  censor  produces  of  a complex  Hil- 
berC  space  U wlch  Itself,  (11)  che  wave  repre- 
sencacion  (functional  lnCegradon)  In  che  space 
L1 2(H')  of  a real  pare  of  H and  (ill)  Che  complex- 
wave  represencadon  in  which  a space  K of  encire 
anti-holomorphlc  functions  on  B are  Involved. 

The  Intertwining  operators  between  che  various 
representations  requires  absolute  continuity  con- 
siderations and  the  use  of  the  Fourier-Wiener 
Transform.  Mathematically,  che  field  Is  diag- 
onalized in  che  functional  integration  repre- 
sentation whereas  che  particle  numbers  are  diag- 
onalized in  the  tensor  product  representation. 

In  the  complex  wave  representation  the  creation 
operators  achlave  a kind  of  dlagonalizatlon. 

Brockett  (cf.  BROCKETT)  has  recently  shown 
that  the  group  with  4 generators  B,  P,  Q,  E with 
the  commutation  relations 

[H.P]  - -Q  , CH.Q]  - P ,[P,Q]  - E with 

the  rest  zero  plays  an  Important  role  in  Kalman 
Filtering  theory.  This  group  has  been  called 
the  Harmonic  Oscillator  Group  (cf.  STREATER). 

The  group  generated  by  P,  Q,  E,  the  Heisenberg 
group.  Is  a subgroup  of  che  oscillator  group. 

The  oscillator  group  is  not  nllpotent  but  solu- 
able.  Streater  has  obtained  all  the  continuous 
unitary  Irreducible  representations  of  the  Har- 
monic Oscillator  group.  He  shows  that  If  complex 
Lie  algebras  are  allowed  then  one  can  obtain  the 
Bargmann-Segal  representation  of  the  harmonic 
oscillator  by  holoaorphlc  functions  using  the 
technique  of  Kirilov.  In  this  representation  the 
creation  operator  C(z)  is  multiplication  by  z 

and  the  annhilatlon  operator  , . JL 

C (z)  is  3z  . 

Segal  (cf.  SEGAL  [ 2 ])  has  explicitly  given  che 
Intertwining  operators  between  the  holomorphic 
and  real  representations.  It  would  thus  appear 
that  the  Zakal  equations  for  the  unnormalized 
conditional  density  corresponding  to  the  Kalman 
filtering  problem  defines  a "field"  which  is  an- 
alogous to  the  "free  quantum  field". 

Definition: 

A concrete  free  Boson  field  over  a given 
complex  Hilbert  space  H,  denoted  as  4(H)  is  a 
quadruple  (K,W,r,V)  consisting  of 

(I)  a complex  Hilbert  space  K, 

(II)  A continuous  mapping  z W(z)  : H * 0(1), 
the  apace  of  unitary  operators  on  K satisfying 
the  Weyl  relations 

W(z)W(z')  - exp(|  Im<z,z,>W(z+z,>,  Vz.z’eH, 

(ill)  A continuous  representation  T from 
U(H)  - U(K)  satisfying 


r(u)w(z)r(u)' 


W(Uz)  , VO  C 0(H) , z C H 


1.  The  free  quantum  field  is  an  infinite  assem- 

bly of  non-interacting  harmonic  oscillators. 


(iv)  A unit  vector  v c K having  che  properties 
that  T(C)v  * v V U C U(H)  and  W(z)v,  z C H 
span  K topologically 

(v)  r is  positive  in  the  sense  that  if  A is 
any  positive  self-adjoint  operator  on  H,  then 
dr (A)  is  positive  where  for  any  positive  self- 
adjoint  A in  H dr (A)  is  che  self-adjoint  generator 
of  the  one-parameter  unitary  group  [u(eltA) | ttR] . 

Let  H’  be  a real  Hilbert  space  and  let  g de-° 
note  the  centred  Gaussian  weak  distribution  on  H’ 
with  variance  1.  We  define  a positive  linear 
functional  Z (expectation)  on  the  algebra  A(H') 
of  all  bounded  came  functions  on  H'.  Let  L2(H',g) 
be  Che  completion  of  A(H')  with  respect  co  the 
inner  product  <f,f>  “ E(ff').  Let  0 denote  the 
canonical  homomorphism  of  A(H')  into  L2(H',g). 

If  H is  a complex  Hilbert  space,  it  has  also 
the  structure  of  a real  Hilbert  space  with  inner 
product  equal  to  the  real  part  of  the  complex 
inner  product  in.H.  In  this  way,  we  can  define  g 
on  H and  hence  l (H,g) . From  the  work  of  Segal, 
we  know  L2(H,g)  can  be  regarded  as  the  completion 
of  the  algebra  P'(H)  of  functions  of  the  form 

f(x)  - p(Re<x,e1> Re<x,en>) 

p a real  polynomial  and  the  e^  are  orthonormal. 

In  addition  to  P’,  one  can  also  consider  the 
algebra  of  functions 

f(x)  - p(<x,e1> <x,en>)  , pa 

polynomial  function  on  c"  and  complex  conjugates 
of  the  above.  Let  P(H)  denote  the  last  mentioned 
algebra. 

In  the  complex-wave  representation  the  repre- 
sentation space  K is  the  closure  of  P(H)  in 
L2(H,g).  Segal  has  shown  that  the  elements  of’K 
can  be  identified  as  functions  well  defined  at 
every  point  of  H and  which  satisfy  an  L-bounded- 
ness  condition.  We  do  not  go  into  the  details 
of  the  construction  of  W and  T o.f  the  Weyl  Systea  • 
here.  It  can  be  shown  that  there  exists  a unique 
(upto  unitary  equivalence)  Weyl  System.  It  is 
however  worthwhile  stating  explicitly  the  form  of 
the  "creation"  and  "annhilatlon"  operators. 

Definition: 

For  an7  representation  4 " (K.W.T.v)  of  the 
free  Boson  field  over  the  given  Hilbert  space  H 
and  for  given  vector  z e H,  the  creation  operator 
for  z denoted  by  C(z)  is  defined  as  the  operator 
i (dW(z)  - ldV(iz)),  where  dW(z)  denotes  the  self 
''adjoint  generator  of  the  one-psraaeter  group 
{W(tz)^teR}.  The  annhilatlon  operator  for  the 
vector  z,  denoted  by  C*(z)  is  defined  as  the 
operator  1 (dV(z)  + IdW(iz) 
vw 

Theorem  (Segal) 

The  operators  C(z)and  C (z)  are  closed, 
densely  defined  and  mutually  adjoint.  In  the  coa- 

S lex-wave  (anti-holooorphic)  representation,  C(z) 
as  domain  consisting  of  all  FcK  such  that 
<z,*>F(’)  e K.  C(z)  is  the  mapping 

FCyV7r  <«»*>F(*).-  C*(z)  haa  domain  consist- 

ing of  all  FcK  such  that  F^K  where  F#  “ 

lim  c*(z)  la  the  mapping 

G"*W  £ 


r— VTiF,.  ^ 

The  Particle  Representation 

Let  H'  be  a real  Hilbert  space  and  let 
It  be-  Its  complexlflcatlon.  Let  Hn®  be  the  n-fold 
symmetric  tensor  product  of  H with  Itself.  We 
g£v».  H 09  the  Inner  product 

<*?m.  gj®.  • «gn.  Sym  fj®. . -®fn>  - 

|-<*ira)’fl>---  <gir(n)*V 

wh*r»  ir  Is  a permutation  of  (l,2,...n)  and  Sym 
lx  the  syoaetrlzatlon  operator 


Sym  f^g. . .®fn 


.il 

n!  If 


Let  P be  the  weak  centred  Gaussian  dis- 
tribution of  unit  variance  on  B'.  Associated 
with  H*ls  a probability  space  (ft.BjO,  where  5 
la:- generated  by  F(f),  fc  H and  If 
arm  orthonormal  In  H'  and  $ Is  a Balre  function 
o«r.  Rn,  then 

^(P{fl),...F(f|l)WW  • 

" T 


(2ir)“^2  "Rtt 


♦ (x)e 


dx 


Lat-L2(H')  denote  L2(CI, 8.U) 

Let  S_(H’)  be  the  closed  linear  span  In 
Lr(H')  of  all  elements  of  the  form  F(f  ,)...?(£  ) 
sr  <ji  and  let  S(H')_  be  the  orthogonal^comple-0 


It  of  S'(H')  . l2  s'(H*)n 

n— Ji  n 


For  f. 


•••* 


F(f  ) on  S(H'). 

n n 


in  B,  Define  : F(f,)...F(t  ) : to  be  the 
orthogonal  projection  of  F(t^)... 

Then  It  is  easy  to  see  that 

: F(f1)...F(fB)  : «•  Sym  f^. . 4fn 

extends  uniquely  to  a unitary  mapping  from  S CH* 

onto  B*3  . We  Identify  S(H’L  with  H^via  this 
mapping.  Segal  shoved  that  s irf)  span  L*  (ii) . 


This  is  Fock  space. 
r(B)  is  intrinsically 


L2(H’>  - . 

Let  r(H)  denote  I H30. 

n“0 

attached  to  the  structure  of  H as  a real  Hilbert 
•paca.  Bence  If  B : H*  ♦ K*  is  an  orthogonal 
mapping  of  ona  real  Hilbert  apace  into  another 
l£  induces  a unitary  mapping  r(U)  : r(H)  ♦ T(K). 

On  S(H)  , r(D)  is  U©...®U  (n-factora).  The 
11 

ideas  of  Fock  spsca  sre  important  in  filtering 
theory  and"related  to  Wiener's  homogeneous  chaos. 
For  a recent  application  aee  MARCUS-MITTER-OCONE. 

S.  Conclusions 

The  mathematics  used  In  quantum  field 
theory  may  have  applications  to  modalllng  of 
stochastic  systems  and  filtering  theory.  In 
this  paper  I have  concentrated  on  Ideas  sur- 
rounding the  free  quantum  fiald.  I beliava 


Ideas  of  non- linear  quantum  field  theory,  for 
example,  those  developed  In  SEGAL  [ 3 ] have  ap- 
plications in  non-linear  filtering  theory.  But 
this  we  have  to  leave  for  the  future. 
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